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Abstract. In this paper, we elaborate on a filter problem for graph
grammars. The problem is to find, for some graph grammar and some
constraint, all graphs generated by the grammar that satisfy the constraint. We show that there is, for every graph grammar and nested
graph constraint, a derived graph grammar that solves the filter problem.
However, the general solution is not well-suited for most practical applications. Because it is undecidable for arbitrary constraints whether there
is some graph satisfying the constraint, there will be no efficient solution
for the filter problem in the general case. We present an automata-based
approach to solve a weaker form of the filter problem on labeled directed
graphs that seems to be sufficient for practical applications. The filtering
graph grammars derived this way are well-suited for instance generation
since they ensure termination and can be implemented without the need
of backtracking.
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Introduction

Generating instances from meta-models is an important task in meta-modeling.
For this graph grammars [8] are well-suited, because they provide constructive
means of manipulating graphs. In general, a meta-model consists of a type graph
[6], usually specified in UML, and a set of constraints specified in an arbitrary
constraint language (e.g. OCL) that are separated from the type graph. There
are already approaches to translate the type graph into a graph grammar or
similar construct for generating instances [17]. However, these approaches are
very restricted since they do not take additional constraints beyond multiplicities into account. The challenge is to integrate the additional constraints into
such a graph grammar derived with existing methods in order to derive a modified grammar that generates only those instances that satisfy the additional
constraints.
?
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In this work, we abstract from the meta-modeling case and lift the problem to
the general case that we call the (strong) filter problem: Given a graph grammar
GG and a constraint c, construct a graph grammar GG1 such that1 L(GG1 ) =
L(GG) ∩ JcK. We use the term complete to denote that a grammar solves the
strong filter problem. For labeled directed graphs, this problem has a quite simple
solution that we show for completeness sake in Section 3 in detail. But this
solution requires a lot of backtracking and is therefore not considered efficient.
So we weaken the problem to the weak filter problem: Given a graph grammar
GG = hN, S, Ri and a constraint c, construct a graph grammar GG2 such that
{G ∈ L(GG) | S ⇒R G |= c} ⊆ L(GG2 ) ⊆ L(GG) ∩ JcK (i.e. GG2 constructs
at least those graphs satisfying c that are generated with one derivation step).
There is also a simple solution for this problem that is efficient but only generates
the empty language in many cases. In this paper, we enhance the solution for
the weak filter problem to generate larger subsets of L(GG) ∩ JcK but remain
efficient.
In this paper, we present our solution for labeled directed graphs whereas the
core constructions may be generalized to similar structures, e.g. typed attributed
graphs, as well. The paper is structured as follows. In Section 2, we formally
introduce graph grammars and nested graph constraints over labeled directed
graphs. In Section 3, we present our solution to the filter problem for grammars
and constraints on labeled graphs. In Section 4, we show how the solution can
be adapted for typed graphs to solve the Petri net use case presented in [14]. In
Section 5, we compare to related work and conclude with a short summary and
outlook in Section 6.
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Preliminaries

In this paper, we consider labeled directed graphs in the sense of Ehrig et al. [6].
In the following we recall the formal definitions of nested graph conditions and
graph grammars [8, 6].
Graph conditions are nested constructs which can be represented as trees of
morphisms equipped with quantifiers and Boolean connectives.
Definition 1 (nested graph conditions). A (nested) graph condition, short
condition, over a graph P is of the form true or ∃(a, c) where a : P → C is a
morphism and c is a condition over C. Boolean formulas over conditions V
over P
yield conditions over P , that is, for conditions c, ci (i ∈ I) over P , ¬c and i∈I ci
are conditions over P . In the context of rules, conditions are called application
conditions. Conditions over the empty graph ∅ are called constraints.
Satisfaction of a condition by a morphism is inductively defined as follows:
Every morphism satisfies true. A morphism p : P → G satisfies ∃(a, c) over P
with a : P → C if there exists an injective morphism q : C ,→ G such that
q ◦ a = p and q satisfies c (see Figure 1, left). A morphism p : P → G satisfies ¬c
1

L(GG) denotes the set of all graphs generated by graph grammar GG; JcK denotes
the set of all graphs satisfying constraint c (see Section 2)

V
over P if p does not satisfy c, and p satisfies i∈I ci over P if p satisfies each ci
(i ∈ I). We write p |= c if p : P → G satisfies the condition c (over P ). A graph
G satisfies a constraint c, short G |= c, if the morphism p : ∅ ,→ G satisfies c.
The set of all graphs satisfying c is denoted by JcK.
We restrict ourselves to finite conditions, i.e. all index sets I are finite. Conditions can be written in a more compact form by writing only the co-domain
of morphisms, e.g. ∃(C, ∃(D)) instead of ∃(∅ ,→ C, ∃(C ,→ D, true). We write
∀(a, c) instead of ¬∃(a, ¬c) and merge ¬∃ to @.
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Fig. 1. Commuting Diagrams for Definitions 1, 2 and Construction 1.

Definition 2 (rules and transformations). A rule ρ = hp, aci consists of a
plain rule p = hL ← K → Ri with injective morphisms l : K → L and r : K → R
and an application condition ac over L. A direct transformation from a graph G
to a graph H applying rule ρ at morphism g consists of two pushouts (1) and
(2) as in Figure 1 (middle) where g |= ac. We write G ⇒ρ H if there exists
such a direct transformation. We say ρ is applicable on G if a graph H with
G ⇒ρ H exists. For words w = ρ1 . . . ρk ∈ R∗ over some set of rules R we write
G ⇒w H if there is a chain of derivations G ⇒ρ1 . . . ⇒ρk H. We write G ⇒R H
(G ⇒kR H, G ⇒∗R H) if there is some ρ ∈ R (w ∈ R∗ of length k, of arbitrary
length) s.t. G ⇒ρ H (G ⇒w H). In this paper, ε denotes the empty (plain) rule
h∅ ← ∅ → ∅i.
Rules may be collected to graph grammars [2, 7].
Definition 3 (graph grammar). A graph grammar GG = hN, R, Si over
directed graphs that are labeled over some finite alphabet Lab, consists of a set
N ⊆ Lab of node and edge labels called non-terminals, a finite set R of rules
and a start graph S. The labels in Lab − N are called terminals. The graph
language generated by GG consists of all terminal graphs derivable from S by
R: L(G) = {G | S ⇒∗R G ∧ G is terminal}, where a graph is called terminal, if it
does not contain items with a label from N .
In the following, we consider weakest preconditions of rules according to
nested graph constraints:
Definition 4 (guaranteeing rule, weakest precondition). For a rule ρ and
a constraint c, the constraint wp(ρ, c) denotes the weakest precondition for ρ
with respect to c, i.e. G |= wp(ρ, c) if there is some H |= c with G ⇒ρ H and
for all H, G ⇒ρ H implies H |= c. A rule ρ guarantees a constraint c, if c is a

postcondition to ρ, i.e. H |= c for all G ⇒ρ H. A rule ρ0 is the c-guaranteeing
rule to some rule ρ, if G ⇒ρ0 H if G ⇒ρ H and H |= c.
Guaranteeing rules and weakest preconditions can be effectively constructed.
Fact 1 (Gua and Wp [8]). There are a transformations Gua and Wp such that,
for every rule ρ and every constraint c, Gua(ρ, c) is the c-guaranteeing rule for
ρ and Wp(ρ, c) is a weakest precondition of ρ relative to c.
l

r

Construction 1 ([8, 7]). For some rule ρ = hp, aci with plain rule p = hL ← K → Ri
we have Gua(ρ, c) = hp, L(p, A(p, c)) ∧ aci and Wp(ρ, c) = ∀(L, (ac ∧ Appl(ρ)) ⇒
L(ρ,
V A(ρ, c))) ∧ ∃(L, ac ∧ Appl(ρ)) and A(p, c) = Shift(∅ ,→ R, 0c), Appl(ρ) =
a∈A @a where A ranges over all injective morphisms a : L → L s.t. (a, l) has
no pushout complement and there is no decomposition a = a2 ◦ a1 s.t. a2 is not
an isomorphism and (a1 , l) has no pushout complement. Note that A is finite
for labeled directed graphs.
The constructions
W Shift and L are inductively defined: Shift(b, true) = true,
Shift(b, ∃(a, c)) = (a0 ,b0 )∈F ∃(a0 , Shift(b0 , c)) with F the set of all jointly surjective pairs (a0 , b0 ) of injective
morphisms
such that a0 ◦ b = b0 ◦ a. Shift(b, ¬c) =
V
V
¬ Shift(b, c), Shift(b, i∈I ci ) = i∈I Shift(b, ci ).
L(p, true) = true, L(p, ∃(a, c)) = ∃(a0 , L(p0 , c)) if pushouts (1) and
V (2) as
in
Figure
1
(right)
exist,
false
otherwise.
L(p,
¬c)
=
¬L(p,
c),
L(p,
i∈I ci ) =
V
i∈I L(p, ci ).
Note, that G |= Wp(ρ, true) if, and only if, ρ is applicable on G. Instead of
Wp(ρ, true) we write Wp(ρ) for short. For finite conditions, the constructions
Wp and Gua yield finite (application) conditions.

3

Filter Theorems

In this section, we consider filter problems for graph grammars and nested graph
constraints.
Theorem 1 (filtering). There are constructions SFilter and WFilter such
that, for arbitrary graph grammars GG over labeled directed graphs and nested
graph constraints c, GG1 = SFilter(GG, c) and GG2 = WFilter(GG, c) are
graph grammars with L(GG1 ) = L(GG) ∩ JcK resp. L(GG2 ) ⊆ L(GG) ∩ JcK.
The names WFilter and SFilter stand for weak and strong filtering, respectively. The constructions are based on the integration of condition into rules
(Fact 1). While the first construction yields a graph grammar that generates
a subset of the desired language, the second construction generates the desired
language: In the last step, it checks, whether the derived graph satisfies the considered condition. We add a “state” node with non-terminal label, extend the
rules of R by the node, and add a rule that deletes the state node whenever the
graph satisfies the condition.

Construction 2. For a graph grammar GG = hN, R, Si, and a nested graph
constraint c, let SFilter(GG, c) = GG1 , WFilter(GG, c) = GG2 where GGi =
hN ] {q}, Ri ∪ {Gua(delete, c)}, S+ q i (i ∈ {1, 2}) are the graph grammars
with R1 consists of the rules of R, extended by a q-labeled node and delete =
h q ←- ∅ ,→ ∅i, R2 = {Gua(ρ, c) | ρ ∈ R}.
Proof. By Fact 1 and Definition 4, for each derivation S ⇒∗R G there is a
derivation S 0 = S+ q ⇒∗R2 G+ q and G+ q ⇒Gua(delete,c) G iff G |= c.
Therefor L(GG1 ) = L(GG) ∩ JcK. For all rules ρ ∈ R, G ⇒Gua(ρ,c) H implies
G ⇒ρ H. Thus, L(GG2 ) ⊆ L(GG). Since all rules in Rc are c-guaranteeing,
L(GG2 ) ⊆ L(GG) ∩ JcK.

In the following examples we assume some implicit label alphabet consisting
of the used non-terminals and an empty label that is not drawn and always
terminal.
Example 1. The graph grammar GG with the start graph S = • and the rules
p1 : • ⇒ • • , p2 : • • ⇒ • • generates the set of all loop-free graphs with
1
1
2
1
2
1
2
at least one node. For the constraint c = ∃• • , L(GG) ∩ JcK consists of all
loop-free graphs with at least two nodes and an edge with distinct source and
target.
The graph grammar GG1 = SFilter(GG, c) with the start graph q • and
the rules p01 : • q ⇒ • • q , p02 : • • q ⇒ • • q , and delete0 : h q ⇒
1
1
2
1
2
1
2
∅, ∃( q • • )i allows to generate all loop-free graphs with at least two nodes
and an edge with distinct source and target, i.e. L(GG1 ) = L(GG) ∩ JcK. The
derivation is done as usual. At some point, we check whether q • • exists, and
if so, we delete the q-labeled node.
The graph grammar GG2 = WFilter(GG, c) with the start graph q • consists of the rules p01 = hp1 , ∃( • •)∨∃(• • )∨∃(• • •)i, p02 = hp2 , truei ≡ p2
1
1
1
and delete0 : h q ⇒ ∅, ∃( q • • )i. If the start graph of GG consists of a single
node, no rule can be applied, i.e. L(GG2 ) = ∅ =
6 L(GG) ∩ JcK.
Both grammars derived via WFilter and SFilter have disadvantages and we
consider them not to behave well in practice. Usually, the output from WFilter
can generate only a small subset of L(GG) ∩ JcK and make some important rules
not applicable. On the other hand, the result of SFilter relies on generateand-test too much to be considered efficient. We are interested in constructing
grammars that are better suited for instance generation. We call them goal oriented.
Definition 5 (goal-oriented graph grammar). A graph grammar GG =
hN, R, Si is goal-oriented if there is a terminating2 set Rt ⊆ R of rules, s.t. for
all graphs G with3 S ⇒+
R G there exists some ρ ∈ Rt that is applicable on G,
or G ∈ L(GG).
2
3

A set of rules is terminating if there is no infinite derivation.
G ⇒+ H means a derivation with at least one step, i.e. G ⇒+ H if ∃G0 . G ⇒ G0 ⇒∗
H.

Example 2 (goal-oriented graph grammar). The graph grammar GG =
h{A, B}, R, A i with
R={A ⇒

A

•,

and Rt = {h A ← ∅ →

B

B

•⇒

B

•

, hA ←∅→

B

i, h B ← ∅ → ∅i}

i, h B ← ∅ → ∅i} is goal-oriented.

The benefit from using a goal-oriented graph grammar is that an implementation does not need to use backtracking. When using a goal-oriented graph
grammar for instance generation, it is very easy to guarantee that the generation process terminates. A possible implementation could use the complete set
R of rules until some abortion criterion is reached, e.g. a maximum number of
derivation steps or graph size. Then the implementation switches to the reduced
set Rt of rules. They guarantee that the process terminates with a valid graph.
We will use some kind of finite automata as an intermediate structure. These
so-called rule-automata can – in case of labeled directed graphs – be transformed
to graph grammars.
Definition 6 (rule automaton). A non-deterministic finite automaton (NFA)
[9] over an alphabet Σ is a tuple NFA = hQ, Σ, δ, q0 , F i with a finite set Q of
states, an initial state q0 ∈ Q, a set F ⊆ Q of final states, and transition relation
δ : Q × Σ → 2Q . The language of the NFA is defined as L(NFA) = {w ∈ Σ ∗ |
δ̂(q0 , w) ∩ F 6= ∅} where δ̂ : Q × Σ ∗ → 2Q is inductively defined as δ̂(q, ε) = {q}
S
and δ̂(q, wa) = q0 ∈δ̂(q,w) δ(q 0 , a) for w ∈ Σ ∗ , a ∈ Σ.
A rule automaton over a set R of rules is a pair A = hNFA, Si where NFA is
a NFA over R and S a graph, called start graph. The graph language of a rule
automaton is defined as L(A) = {G | ∃w ∈ L(NFA). S ⇒w G}.
We draw rule automata in the usual notation for finite automata. As an
extension we label the initial state q0 by q0 /S where S is the automaton’s start
graph.
ρ2
Example 3 (even number of nodes). The rule
ρ1
automaton on the right with rules ρ1 : ∅ ⇒ • and
ρ2 : • • ⇒ • • creates all loop-free graphs with
qodd
qeven /∅
an even number of nodes.
ρ1
Lemma 1 (from rule automata to graph grammars). There is a construction Grammar that creates, for every rule automaton A over labeled directed
graphs, a graph grammar Grammar(A) such that L(Grammar(A)) = L(A).
In the following, we interpret the transition function δ of an automaton as
relation δ ⊆ Q × R × Q, i.e. we say hq1 , ρ, q2 i ∈ δ if q2 ∈ δ(q1 , ρ).
Construction 3 (from automata to grammars). For some rule automaton
A and start graph S let Grammar(A) = hQ, R0 , S+ q0 i with
R0 = {hp0 , ac0 i | hq1 , hp, aci, q2 i ∈ δ} ∪ {h qf ← ∅ → ∅i | qf ∈ F }

where p0 = hL+ q1 ← I → R+ q2 i for p = hL ← I → Ri and ac0 = Shift(L ,→
L+ q , ac).
Proof. We show by induction over k ∈ N that, for all graphs G, H and states
q1 , q2 ∈ Q, there is some word w ∈ Rk with G ⇒w H and q2 ∈ δ̂(q1 , w) iff
G+ q1 ⇒kR0 H+ q2 . This is trivial for k = 0. Assume we have shown this for
some arbitrary but fixed k.
q
G+ q1 ⇒k+1
R0 H+ 2
q
⇐⇒ ∃q ∈ Q, K.G+ 1 ⇒R0 K+ q ⇒kR0 H+ q2
⇐⇒ ∃w ∈ Rk , ρ ∈ R0 .G+ q1 ⇒ρ K+ q ⇒w H+ q2 ∧ q2 ∈ δ̂(q, w)
⇐⇒ ∃ρ ∈ R0 . G+ q1 ⇒ρw H+ q2 ∧ q2 ∈ δ̂(q1 , ρw)

Since H+ q2 ⇒R0 H iff q2 ∈ F follows H ∈ L(Grammar(A)) iff H ∈ L(A).



Our approach to solve the filter problem is an enhancement of WFilter.
Instead of requiring that the constraint c is satisfied immediately after every
derivation step, we allow the intermediate graphs to be up to k derivation steps
“away” from a graph that satisfies c. As a consequence, the resulting graph
grammar generates at least all graphs satisfying c that can be derived from the
start graph within k steps.
Theorem 2 (weak integration). There are constructions Integratek , k ∈
N such that, for every graph grammar GG = hN, R, Si over labeled directed
graphs, constraint c and natural number k ∈ N, GGc = Integratek (GG, c) is a
a goal-oriented graph grammar with
{G ∈ L(GG) ∩ JcK | S ⇒`R G, ` ≤ k} ⊆ L(GGc ) ⊆ L(GG) ∩ JcK
We construct these grammars via Construction 3 (Grammar) from rule automata.
In order to cover also graph grammars with non-terminals we have to encode
that a graph is terminal.
Lemma 2. For every set N of node and edge labels exists a nested constraint
terminalN such that every labeled graph G |= terminalN if, and only if, G is
terminal wrt. N .
Proof. Define
terminalN =

^
x∈NV

@(

x

)∧

^
y∈NE

(@( •

y

• ) ∧ @( •

y ))

with N = NV ∪ NE , where NV and NE are the alphabets of non-terminal node
and edge labels. Then G |= terminal iff G has no node with label in NV and
edge (or loop) with label in NE .

Construction 4 (Integratek ). Let GG = hN, R, Si be a graph grammar and
c a constraint. For k = 0 let Integrate0 = hN ] {q}, {h q ⇒ ∅, ci}, S+ q i. For
k > 0, we can construct the graph grammar Integratek (GG, c) as Grammar(Ac )
from the automaton Ac constructed via one of the Algorithms 1 or 2 with
maxRounds = k.

: Grammar GG = hN, R, Si, constraint c, maxRounds ∈ N ∪ {∞}
: Automaton Ac = hQ, R0 , δ, q0 , F, Si, terminating transition function
δt ⊆ δ
Requires : maxRounds = ∞ ⇒ ICS of c and R is finite
Q, Q0 ← {c ∧ terminalN }; R0 ← ∅; δ, δt ← ∅; j ← 0;
Repeat
Q0 ← Q;
For Each c0 ∈ Q0 , ρ ∈ R Do
Add Gua(ρ, c0 ) to R0 ;
Let
W C be 00a minimal set of 0constraints such that
c00 ∈C c ≡ Wp(Gua(ρ, c ));
For Each c00 ∈ C Do
If ∃c000 ∈ Q. c000 ≡ c00 Then
Add hc000 , Gua(ρ, c0 ), c0 i to δ;
If c000 6∈ Q0 Then Add hc000 , Gua(ρ, c0 ), c0 i to δt ;
Else
Add c00 to Q;
Add hc00 , Gua(ρ, c0 ), c0 i to δ and δt ;
EndIf
EndFor
EndFor
j ← j + 1;
Until Q = Q0 or j ≥ maxRounds;

Input
Output

Add h0, hε, c0 i, c0 i to δ for all c0 ∈ Q;
Return Ac := hQj ∪ {0}, R0 , δ, 0, {c}, Si;

Algorithm 1: Creating the automaton for Integrate1.

For constructing the set C in Algorithm 1 we, bring the result of Wp(Gua(ρ, c))
into a disjunctive normal form and remove all clauses that are implied by another
clause in the disjunction.
The algorithms work as follows: Both start with constraint c as a final state
for the automaton and continue by iteratively creating new states from existing
ones. For every state, which is also a constraint c, created in the round before and
every rule ρ ∈ R we calculate the guaranteeing rule Gua(ρ, c) and its weakest
precondition Wp(Gua(ρ, c)). Algorithm 1 decomposes the preconditions into sets
of constraints, whereas Algorithm 2 composes all preconditions into one. We
add these new conditions, provided no equivalent one already exists, as states
and connect them to the existing ones via transitions that are labeled with the
guaranteeing rules. If there was no equivalent condition before, the transition is
part of δt (so δt is a spanning tree). We repeat this until no new states are found
anymore or the maximum number of rounds is reached. Finally, Algorithm 1
adds a separate initial state, while Algorithm 2 merges the two last states into
one with a loop and uses it as initial state.
Example 4. Take the grammar h∅, {ρ1 : ∅ ⇒ • , ρ2 : • ⇒ • }, ∅i and constraint
c = ∀( •, ∃( • )). Constructing an automaton with maxRounds = 2 leads to the

: Grammar GG = hN, R, Si, constraint c, maxRounds ∈ N ∪ {∞}
: Automaton Ac = hQ, R0 , δ, q0 , F, Si, terminating transition function
δt ⊆ δ
Requires : maxRounds = ∞ ⇒ ICS of c and R is WQO
Initialize Q ← {q0 }, R0 ← ∅; c0 ← c ∧ terminateN ; j ← 0;
Repeat
j ← j + 1; δlast
W ← ∅;
cj ← cj−1 ∨ ρ∈R Wp(Gua(ρ, cj−1 )); add cj to Q ;
For Each ρ ∈ R Do
Let ρ0 = Gua(ρ, cj−1 ); add ρ0 to R0 ;
Add hcj , ρ0 , cj−1 i to δ, δt , and δlast ;
EndFor
Add hqj , hε, cj−1 i, qj−1 i to δ;
Until cj ≡ cj−1 or j ≥ maxRounds;
For Each hc, ρ, c0 i ∈ δlast Do
// add loops to cj−1
Add hc0 , ρ, c0 i to δ;
EndFor
If j ≥ 2 Then
Remove cj with all outgoing transitions;
Let s ← cj−1
Else s ← cj ;
Return Ac = hQ, R0 , δ, s, {c0 }, Si, δt ;

Input
Output

Algorithm 2: Creating the automaton for Integrate2.

constraints/conditions
c1 = ∃( • , ∀( • • , ∃(• •
1

1 2

1 2

ac1 = ∀( • ,→ • • , ∃( • •
1

1 2

1 2

c2 = ∃(• • , ∀( • • • , ∃( • • •

))) ∨ c

1 2

1 2 3

))) ∨ c1

1 2 3

ac2 = ∃(• ,→ • • , ∀(• • • , ∃( • • •

))

1

1 2

1 2 3

1 2 3

))) ∨ ac1

and the automata for Algorithms 1 (left) and 2 (right) with start graph ∅
0/∅

hε, c2 i

hε, c1 i
c2

hρ2 , ac2 i

hε, ci

hρ1 , c1 i, hρ2 , ac2 i

hρ1 , ci

c1

c

c1 /∅

hρ2 , ac1 i
hε, ci

c

hρ2 , ac1 i
hρ2 , ac2 i
Proof of Theorem 2 {G |= c | S ⇒`R G, ` ≤ k} ⊆ L(Integratek (GG, c)): By
induction over state(s)/constraint(s) cj introduced in round j. Let R0j be R0 in
round j. For every derivation G ⇒jR H |= c, there is w ∈ R0j , cj , st. G ⇒w H,
G |= cj , and the final state c ∈ δ̂(cj , w). This is trivial for j = 0. For j + 1
we split the derivation into G ⇒ρ G0 ⇒jR H. By induction hypothesis we have

w ∈ R0j , cj , st. G0 ⇒w H, G0 |= cj , c ∈ δ̂(cj , w). By properties of Wp and Gua,
G ⇒Gua(ρ,cj ) G0 ⇒w H and G |= Wp(Gua(ρ, cj )). As a consequence exists cj+1
st. G |= cj+1 , c ∈ δ̂(cj+1 , Gua(ρ, cj )w). If S |= cj we have a word w of ε-rules
st. S ⇒w S and qj ∈ δ̂(s, w) with s the initial state. So G ∈ L(Ac ) if S ⇒`R G,
` ≤ k.
L(Integratek (GG, c)) ⊆ L(GG) ∩ JcK: By construction every non-empty
derivation S ⇒+
R0 H ends with a c-guaranteeing rule, so G |= c for all
G ∈ L(Integratek (GG)) ⊆ L(GG).
Integratek (GG, c) is goal oriented: Let R0 be the rules from Integratek (GG, c)
and Rt be the rules originating from transitions δt . The transitions δt build a
spanning tree with root c on the states in Ac . Every transition to some state cj
is labeled with a cj -guaranteeing rule. By construction, cj is the disjunction of
weakest preconditions for rules on outgoing transitions in δt . So at least one rule
from Rt is applicable and we finally end in the final state.

For systems that are closed and well quasi-ordered in the sense of [1] we can
solve the strong filter problem effectively with a goal-oriented graph grammar.
Definition 7 (transition and constraint system [1]). A transition system
T = hΣ, →i consists of a set Σ of states and a transition relation → on Σ. For
S ⊆ Σ let pre(→, S) := {σ ∈ Σ | ∃s ∈ S. σ → s}.
A constraint system C over Σ is a set of constraints where each φ ∈ C
characterizes a set JφK ⊆ Σ of states that satisfy φ. For φ1 , φ2 ∈ C we define φ1 v φ2 if Jφ2 K ⊆ Jφ1 K. A constraint system is closed with respect to a
transition system TS= hΣ, →i, if for each φ ∈ C, one can compute Φ ⊆ C such
that pre(→, JφK) = φ0 ∈Φ Jφ0 K. A constraint system is well quasi ordered (WQO)
if v is a well quasi-ordering, i.e. each infinite sequence φ1 , φ2 , · · · ∈ C has indices
i < j such that φi v φj .
Note that all sets in Definition 7 are possibly infinite sets.
Definition 8 (induced transformation/constraint system). Let G be the
set of all graphs. For a graph transformation system R and graph constraint c
the transition system T = hG, ⇒R i is the induced transition system (ITS) and
the set C of constraints with c ∈ C and Wp(Gua(ρ, c0 )) ∈ C if c0 ∈ C and ρ ∈ R
the induced constraint system (ICS).
The constraints constructed in Algorithms 1 and 2 are from the ICS. Note,
that for constraints c1 , c2 ∈ C, c1 v c2 if c2 ⇒ c1 . The following fact is a direct
consequence of Definitions 7 and 8.
Fact 2. For graph transformation systems R, and constraints c, the ICS C is
closed wrt. the ITS T .
Theorem 3 (strong integration). There is a construction Integrate∗ s.t.
for every graph grammar GG = hN, R, Si on labeled directed graphs and every
constraint c where the induced constraint system of R and c is well quasi ordered,
Integrate∗ (GG, c) is a goal-oriented graph grammar with L(Integrate∗ (GG, c)) =
L(GG) ∩ JcK.

Construction 5 (Integrate∗ ). We construct Integrate∗ (GG, c) as Grammar(Ac )
from the automaton Ac constructed via Algorithm 1 or – if the induced constraint
system for c and R is finite – Algorithm 2 with maxRounds = ∞.
Proof. By Definition 7 every infinite chain c1 , c2 of constraints calculated in Algorithm 1 or 2 has indices i < j such that cj ⇒ ci . So we will reach a fixpoint Qk ,
resp. ck , of states and, by Theorem 2 Integrate` (GG, c) = Integratek (GG, c)
for ` ≥ k. The rest follows from Theorem 2 with ` → ∞.

The algorithms do not reach the fixpoint cj ≡ cj−1 resp. Q = Q0 in the repeatloop in all cases (except the induced constraint system is well quasi ordered, resp.
finite). In fact it is undecidable whether the fixpoint can be reached. Also the
implication problem for nested graph constraints is undecidable [8]. That why
we allow to stop the generation process in an earlier state, after a maximum
of maxRounds rounds. However, Theorem 2 does not depend on deciding these
problems.
In the following we write Integrate if we do not refer to a specific version of
Integrate. If a specific version is meant, we use Integrate1 resp. Integrate2
to indicate use of Algorithm 1 resp. 2. We present two examples where we apply
both algorithms to simple grammars and constraints. In Example 5 we reach a
fixpoint, whereas there is no fixpoint in Example 4 given earlier in this section,
but the generated language is still complete.
Example 5 (terminating example). Take the graph grammar with rules
ρ1 : ∅ ⇒ •, ρ2 : • • ⇒ • • and start graph ∅, and the constraint c =
1
2
1
2
∃( • • ). Using Algorithm 1 leads to the helper constraints c1 = ∃( • • ),
c2 = ∃(• • ), c3 = ∃( •), c4 = true, the application condition
ac = L(ρ2 , A(ρ2 , c)) = ∃( • • ,→ •
1 2

1

∨ ∃(• • ,→ • •
1 2

1 2

• ) ∨ ∃(• • ,→ •
2

1 2

2

• ) ∨ ∃( • • ,→ • •
1 2

∨ ∃( • • ,→ •
1 2

1

1

•)
1

•)
2

• • ) ∨ ∃( • • ,→ •
2

1 2

and the automaton (transitions in δt are drawn thick)
0/∅
hε, c4 i
c4
ρ1

ρ1

hε, c3 i
c3
ρ2

ρ1
ρ2

hε, c2 i
c2

ρ2

ρ2

Algorithm 2 instead leads to the automaton
ρ1
ρ2
ρ1
hρ1 , c1 i
ρ2
ρ2
c2
c3 /∅
hε, c2 i
hε, c1 i

hε, ci

hε, c1 i
c1

hρ2 , aci

ρ1

c1

hρ1 , ci
hρ2 , aci
hε, ci

c
ρ1

c

• •)
1 2

The difference between the two algorithms is that we calculate in Algorithm 1 a preceding state for every rule separately, whereas in Algorithm 2
only one state is created per round. The state cj calculated in Algorithm 2 can
be seen as a collection of all the states created until round j in Algorithm 1.
Note, that the resulting grammars do not create identical languages. In general
L(Integrate1k (GG, c)) ⊆ L(Integrate2k (GG, c)). Experiments showed that
the automaton created in Algorithm 1 is a good visualization how graphs can be
constructed that satisfy the desired constraint, since almost every path through
the automaton gives rise to an executable sequence of rules. This also leads to
a high flexibility in instance generation. E.g. one can find a solution where selected rules are applied a fixed number of times by searching an appropriate
path through the automaton. This is not possible with Algorithm 2. On the
other hand the automaton may become very large in states and requires much
computation power during construction due to the implications to check. The
automaton derived via Algorithm 2 is much smaller in states and gives less information about the transition system. But experiments showed that it can be
created much faster. For example, our prototype creates the automata in Example 5 in 231ms using Algorithm 1 and 104ms using Algorithm 2. In opposite, the
Petri-Net example (without arcs) introduced in Section 4 is calculated in about
4min using Algorithm 1 and in 2.5s using Algorithm 2. When setting the timeout for the used implication solver from 1s to 200ms, the computation times are
shortened to 1min 49s for Algorithm 1 and 960ms for Algorithm 2. Surprisingly,
setting the timeout to 100ms increases the computation time for Algorithm 1
slightly to 1min 59s, because less equivalent states are found which leads to bigger search spaces in the last round of the algorithm. The experiments have been
performed on a Laptop PC with Intel Core i5-3210M CPU with 2.50GHz and
8GB RAM. The prototype is implemented on top of the ENFORCe framework
[4] using the implication prover for graph conditions ProCon [13].

4

Application to instance generation

In this section we revisit an excerpt of the usecase from [14]. In [14] a graph
grammar generating petri nets and a set of example constraints is presented,
that had been translated from OCL. The graph grammar does not guarantee
the constraints, so also invalid instances can be generated. In [14] an approach
similar to WFilter is used to integrate the constraints into the rules leading to
unapplicable rules such that no non-empty instance can be generated at all. We
show that via Integratek the constraints can be successfully integrated into the
grammar such that the resulting grammar generates all valid instances.
We adopt the approach from the last section to typed attributed graphs
as used in [14]. Here types correspond to labels. For simplicity we ignore the
attributes here, because they are not involved in the crucial parts of the example.
We have the following rules.
1. Creating a new Petri net: createPetriNet ρ1 : ∅ ⇒ :PN

2. Inserting a new place (insertPlace,ρ2 )/new transition (insertPlace,ρ3 ) in
a given Petri net:
ρ2 : p:PN ⇒ p:PN

place

trans

ρ3 : p:PN ⇒ p:PN

:Pl

:Tr

3. Connecting a transition to a place: insertTPArc
n:PN

n:PN

pl

ac
e

p:Pl

t:Tr

ns

⇒

arc

trans

ρ4 :

tra

t:Tr

src
postArc

a:TPArc

pla
ce
dst

p:Pl

src

p:Pl

preArc

4. Connecting a place to a transition: insertPTArc
n:PN
t:Tr

ac
e

s

n
tra

⇒
p:Pl

arc

trans

ρ5 :

n:PN

pl

t:Tr

dst
preArc

a:PTArc

pla
ce

postArc

5. Inserting a token in a given place: insertToken
ρ6 : p:Pl ⇒ p:Pl

token

:Token

Here we only look at two of the constraints of depth 2. All other constraints
are negative constraints.
– Every Petri net has at least one token.
cA = ∀( 1:PN , ∃( 1:PN

place

2:Pl

token

3:Tk ))

– A Petri net has at least one place and at least one transition.
cB = ∀( 1:PN , ∃( 1:PN

place

:Pl ))

cC = ∀( 1:PN , ∃( 1:PN

trans

:Tr ))

Using Algorithm 2 we get (among others) the helper constraints
hc1 = ∃( 1:Pl , ∀( 1:Pl 2:PN , ∃( 2:PN place 1:Pl ) ∨ ∃( 1:Pl 2:PN place :Pl
hc2 = ∃( 1:PN , ∀( 1:PN 2:PN , ∃( 1:PN 2:PN trans :Tr )))
hc3 = ∃( 1:PN , ∀( 1:PN 2:PN , ∃( 1:PN 2:PN place :Pl token :Tk )))

token

:Tk )))

and the constraints4
c0 = cA ∧ cB ∧ cC

c1 = c0 ∨ (hc1 ∧ cC ) ∨ (hc2 ∧ cA ) ∨ . . .

c2 = c1 ∨ (hc3 ∧ cC ) ∨ (hc1 ∧ hc2 ) ∨ . . .

c3 = c2 ∨ (hc3 ∧ hc2 ) ∨ . . .

The resulting automaton is
4

The ellipses (. . .) indicate fewer subconditions that occur in the full calculations but
are ignored here for brevity. Since they are part of a disjunction we can skip them
without getting invalid results.

Gua(ρ1 , c3 )
..
.
Gua(ρ6 , c3 )

Gua(ρ2 , c2 )
..
.
Gua(ρ6 , c2 )
hε, c2 i

c3

c2

Gua(ρ2 , c1 )
..
.
Gua(ρ6 , c1 )
hε, c1 i

c1

Gua(ρ2 , c0 )
..
.
Gua(ρ6 , c0 )
hε, c0 i

c0

We cannot present the full grammar here that results from applying Construction 3 afterwards, but the generation from the automaton is straight forward. E.g. the resulting rule for the transition hc1 , Gua(ρ6 , c0 ), c0 i in the automaton is
c1 p:Pl ←- p:Pl ,→ c0 p:Pl
(∃( c1 2:PN

place

token

:Token ,

∀( c1 p:Pl 2:PN ,

p:Pl ) ∨ ∃( c1 p:Pl 2:PN

place

:Pl

token

:Tk ))

∧ ∃( c1 p:Pl 2:PN

trans

:Tr ))

Now we can use the automaton (or the grammar) to generate an instance.
E.g. we can loop in state c3 and generate a petri net with an arc applying
Gua(ρ1 , c3 ); Gua(ρ2 , c3 ); Gua(ρ3 , c3 ); Gua(ρ5 , c3 ); This results in the left graph
below. Then we leave c3 . Constraints c2 and c1 are already satisfied so we can
select the ε-rules switching to state c1 . We find that we can apply Gua(ρ6 , c0 )
and enter the final state c0 . So we finally get the right graph below that satisfies
cA ∧ cB ∧ cC .
:PN
:PTArc

ns
tra

e
src

postArc

:Pl

:Tr

dst
preArc

:PTArc

token

5

preArc

:Tk

:PN
pla
c

arc

:Tr

dst

arc

s

n
tra

pla
c

e
src

postArc

:Pl

Related concepts

Using some kind of control structure on top of graph transformation rules is
not a new idea – rule automata use finite automata as a Control Condition in
the sense of [2]. Alternatively to directly using constraints as states, as we do
in Algorithms 1 and 2, rule automata could be defined with an (optional) labeling function assigning constraints to states. So the automata used in these
constructions are closely related to Kripke transition systems [12]. Kripke transition systems consist of states and transitions, where states are labeled with
sets of atomic constraints and transitions are labeled with actions.
In [15, 10] graph transformation systems are interpreted as transition systems
where states are graphs and transitions are transformation rules. In [10] these
so-called graph transition systems are mapped to Kripke structures where the
atomic properties that hold in a state are names of rules that are applicable
on the graph. However, state space reduction does not go beyond eliminating
isomorphic graphs. In this paper we abstract from explicit graphs to classes of
graphs sharing one property, i.e. they satisfy the same constraint. The weakest
precondition calculus from [8] ensures that the abstraction is correct with respect
to the rules.

Graph transformation systems can also be interpreted as transition systems
and sets of graph constraints as constraint systems in the sense of [1], as shown
in Section 3. The argumentation in the proof for Theorem 3 is identical to the
termination part of the proof of Theorem 5.5 in [1]. Well structured systems
have also been used in [11] but with other well quasi-orderings.
The instance generation problem (given a meta-model and a set of constraints, find instances of the meta-model that satisfy the constraints) has been
addressed in several works. While in [14] graph transition systems are used, other
approaches use SAT solving to find instances. Popular examples are [5, 16].

6

Conclusion

In this paper we have presented some algorithms to find grammars that solve
the filter problem for graph grammars GG and constraints c, i.e. we construct
graph grammars GGc such that L(GGc ) ⊆ L(GG) ∩ JcK. The main result are
two algorithms Integrate1 and Integrate2 for generating graph grammars
GGc . We give also lower bounds for L(GGc ) and give a characterization in
which cases Integrate yields a complete grammar, i.e. L(GGc ) = L(GG) ∩
JcK. The constructions for Integrate use finite automata over rules, called rule
automata, as an intermediate structure that we introduce for this purpose. Rule
automata can be translated to graph grammars in a straight forward way. We
also characterize special properties of the grammars generated by Integrate:
The resulting grammars have no need of backtracking in their implementation
(we call this goal-oriented), and therefore we assume our approach to be wellsuited for generating large sets of graphs.
There is ongoing work on a prototype that implements Integrate to generate grammars and instances. The current prototype is based on ENFORCe
[4]. We choose ENFORCe because the construction for weakest preconditions
and an implication prover for graph constraints [13] are already present. A later
implementation will probably be based on EMF Henshin [3] to better integrate
with common tools for meta-modeling. Also a quantitative evaluation of the algorithms and a comparison to existing tools for instance generation (e.g. UML2CSP
[5], Alloy [16]) are future work.
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